Introduction and main results {#Sec1}
=============================
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                \begin{document}$$ \begin{aligned} \frac{2}{e^{t}+1}e^{xt}=\sum _{n=0}^{\infty}E_{n}(x)\frac{t^{n}}{n!}, \end{aligned} $$\end{document}$$ respectively (see \[[@CR1]--[@CR23]\]).

With the viewpoint of deformed Bernoulli polynomials, the Daehee polynomials $\documentclass[12pt]{minimal}
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It is easy to see that the generating function of the Daehee polynomials $\documentclass[12pt]{minimal}
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From ([1](#Equ1){ref-type=""}), we note that $$\documentclass[12pt]{minimal}
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Combining ([1](#Equ1){ref-type=""}) with ([2](#Equ2){ref-type=""}) yields the following relation: $$\documentclass[12pt]{minimal}
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Comparing the coefficients on the both sides of ([3](#Equ3){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
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Also, with the viewpoint of deformed Euler polynomials, the Changhee polynomials $\documentclass[12pt]{minimal}
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Definition ([4](#Equ4){ref-type=""}) can be written as $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned} \frac{2}{e^{\log{(1+t)}}+1}e^{x\log{(1+t)}}&=\sum _{n=0}^{\infty }E_{n}(x)\frac{1}{n!}\bigl( \log{(1+t)}\bigr)^{n} \\ &=\sum_{n=0}^{\infty}E_{n}(x)\sum _{m=n}^{\infty}S_{1}(m,n) \frac{t^{m}}{m!} \\ &=\sum_{m=0}^{\infty} \Biggl(\sum _{n=0}^{m}E_{n}(x)S_{1}(m,n) \Biggr)\frac{t^{m}}{m!}. \end{aligned} $$\end{document}$$

Combination of this identity with ([4](#Equ4){ref-type=""}) results in the following relation: $$\documentclass[12pt]{minimal}
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Equating coefficients on the very ends of the above identity leads to $$\documentclass[12pt]{minimal}
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In recent decades, many mathematicians have investigated some interesting extensions or modifications of the Daehee and Changhee polynomials along with related combinatorial identities and their applications (see \[[@CR4], [@CR9], [@CR10], [@CR14], [@CR16], [@CR17], [@CR19], [@CR23]\]). Especially, Kim and his coauthors have studied the Fourier series related to various types of Bernoulli functions in \[[@CR7], [@CR11]--[@CR13], [@CR15]\]. The purpose of this paper is to study the Fourier series related to higher-order Daehee and Changhee functions and establish some new identities for higher-order Daehee and Changhee functions.
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Recall from \[[@CR15], [@CR24]\] that the Bernoulli function may be represented by $$\documentclass[12pt]{minimal}
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Our main results in this paper can be stated as the following theorems.
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Theorem 4 {#FPar4}
---------
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Proofs of Theorems [1](#FPar1){ref-type="sec"}-[4](#FPar4){ref-type="sec"} {#Sec2}
==========================================================================

We are now in a position to prove our four theorems.

By analyzing definition ([5](#Equ5){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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Case 1 {#FPar5}
------
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                \begin{document}$$ \begin{aligned}[b] C^{(r,m)}_{n}={}& \frac{m}{2\pi in}C^{(r,m-1)}_{n}-\frac{m}{2\pi in}D^{(r)}_{m-1} \\ ={}&\frac{m}{2\pi in} \biggl(\frac{m-1}{2\pi in}C^{(r,m-2)}_{n}- \frac {m-1}{2\pi in}D^{(r)}_{m-2} \biggr)-\frac{m}{2\pi in}D^{(r)}_{m-1} \\ ={}&\frac{m(m-1)}{(2\pi in)^{2}}C^{(r,m-2)}_{n}-\frac{m(m-1)}{(2\pi in)^{2}}D^{(r)}_{m-2}- \frac{m}{2\pi in}D^{(r)}_{m-1} \\ ={}&\frac{m(m-1)}{(2\pi in)^{2}} \biggl(\frac{m-2}{2\pi in}C^{(r,m-3)}_{n}- \frac{m-2}{2\pi in}D^{(r)}_{m-3} \biggr) \\ & -\frac {m(m-1)}{(2\pi in)^{2}}D^{(r)}_{m-2}-\frac{m}{2\pi in}D^{(r)}_{m-1} \\ ={}&\frac{m(m-1)(m-2)}{(2\pi in)^{2}}C^{(r,m-3)}_{n}-\frac {m(m-1)(m-2)}{(2\pi in)^{3}}D^{(r)}_{m-3} \\ & -\frac{m(m-1)}{(2\pi in)^{2}}D^{(r)}_{m-2}-\frac{m}{2\pi in}D^{(r)}_{m-1} \\ ={}&\cdots \\ ={}&\frac{m(m-1)(m-2)\cdots2}{(2\pi in)^{m-1}}C^{(r,1)}_{n}-\sum _{k=1}^{m-1}\frac{(m)_{k}}{(2\pi in)^{k}}D^{(r)}_{m-k}. \end{aligned} $$\end{document}$$
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                \begin{document}$$ \begin{aligned}[b] C^{(r,1)}_{n}&= \int_{0}^{1}D^{(r)}_{1}(x)e^{-2\pi inx}\,dx= \int _{0}^{1}\bigl(x+D^{(r)}_{1} \bigr)e^{-2\pi inx}\,dx \\ &= \int_{0}^{1}xe^{-2\pi inx}\,dx+D^{(r)}_{1} \int_{0}^{1}e^{-2\pi inx}\,dx \\ &=-\frac{1}{2\pi in} \bigl[xe^{-2\pi inx} \bigr]^{1}_{0}+ \frac{1}{2\pi in} \int_{0}^{1}e^{-2\pi inx}\,dx =-\frac{1}{2\pi in}. \end{aligned} $$\end{document}$$

Combining ([11](#Equ11){ref-type=""}) with ([10](#Equ10){ref-type=""}), we immediately derive the following equation: $$\documentclass[12pt]{minimal}
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Case 2 {#FPar6}
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Therefore, we obtain the result in Theorem [1](#FPar1){ref-type="sec"}.
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                \begin{document}$x\in \mathbb{Z}$\end{document}$. Finally, we obtain the formulas in Theorem [2](#FPar2){ref-type="sec"}.

From now on we focus on definition ([6](#Equ6){ref-type=""}). Then we can find $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathit{Ch}^{(r)}_{m}(x+1)+\mathit{Ch}^{(r)}_{m}(x)=2\mathit{Ch}^{(r-1)}_{m}(x). $$\end{document}$$
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                \begin{document}$$ \begin{aligned} \sum_{m=0}^{\infty}\mathit{Ch}^{(r)}_{m}(x+1) \frac{t^{m}}{m!}&= \biggl(\frac {2}{2+t} \biggr)^{r}(1+t)^{x+1} \\ &=2 \biggl(\frac{2}{2+t} \biggr)^{r-1}(1+t)^{x}- \biggl(\frac{2}{2+t} \biggr)^{r}(1+t)^{x} \\ &=2\sum_{m=0}^{\infty}\mathit{Ch}^{(r-1)}_{m}(x) \frac{t^{m}}{m!}-\sum_{m=0}^{\infty }\mathit{Ch}^{(r)}_{m}(x) \frac{t^{m}}{m!} \\ &=\sum_{m=0}^{\infty} \bigl[2\mathit{Ch}^{(r-1)}_{m}(x)-\mathit{Ch}^{(r)}_{m}(x) \bigr]\frac{t^{m}}{m!}. \end{aligned} $$\end{document}$$
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                \begin{document}$$ \begin{aligned} \mathit{Ch}^{(r)}_{m}(1)+\mathit{Ch}^{(r)}_{m}=2\mathit{Ch}^{(r-1)}_{m} \quad(m\geq0). \end{aligned} $$\end{document}$$

This equation means that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} \mathit{Ch}^{(r)}_{m}=\mathit{Ch}^{(r)}_{m}(1)\quad \Leftrightarrow \quad\mathit{Ch}^{(r)}_{m}=\mathit{Ch}^{(r-1)}_{m}. \end{aligned} $$\end{document}$$
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                \begin{document}$\mathit{Ch}^{(r)}_{m}=\mathit{Ch}^{(r-1)}_{m}$\end{document}$ and discontinuous with jump discontinuities at integers for those $\documentclass[12pt]{minimal}
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                \begin{document}$\mathit{Ch}^{(r)}_{m}(\langle x\rangle)$\end{document}$ is $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned} \sum_{n=-\infty}^{\infty}C^{(r,m)}_{n}e^{2\pi inx}. \end{aligned} $$\end{document}$$
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                \begin{document}$$ \begin{aligned}[b] C^{(r,m)}_{n}&= \int_{0}^{1}\mathit{Ch}^{(r)}_{m}\bigl( \langle x \rangle\bigr)e^{-2\pi inx}\,dx = \int_{0}^{1}\mathit{Ch}^{(r)}_{m}(x)e^{-2\pi inx}\,dx \\ &=\frac{1}{m+1} \bigl[\mathit{Ch}^{(r)}_{m+1}(x)e^{-2\pi inx} \bigr]^{1}_{0}+\frac {2\pi in}{m+1} \int_{0}^{1}\mathit{Ch}^{(r)}_{m+1}(x)e^{-2\pi inx}\,dx \\ &=\frac{1}{m+1} \bigl(\mathit{Ch}^{(r)}_{m+1}(1)-\mathit{Ch}^{(r)}_{m+1} \bigr)+\frac{2\pi in}{m+1}C^{(r,m+1)}_{n} \\ &=\frac{2}{m+1} \bigl(\mathit{Ch}^{(r-1)}_{m+1}-\mathit{Ch}^{(r)}_{m+1} \bigr)+\frac{2\pi in}{m+1}C^{(r,m+1)}_{n}. \end{aligned} $$\end{document}$$
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                \begin{document}$$ \begin{aligned} \frac{2\pi in}{m}C^{(r,m)}_{n}=C^{(r,m-1)}_{n}+ \frac{2}{m} \bigl(-\mathit{Ch}^{(r-1)}_{m}+\mathit{Ch}^{(r)}_{m} \bigr). \end{aligned} $$\end{document}$$

Case 1 {#FPar7}
------
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                \begin{document}$$ \begin{aligned} C^{(r,m)}_{n}={}& \frac{m}{2\pi in}C^{(r,m-1)}_{n}+\frac{1}{\pi in} \bigl(\mathit{Ch}^{(r)}_{m}-\mathit{Ch}^{(r-1)}_{m} \bigr) \\ ={}&\frac{m}{2\pi in} \biggl(\frac{m-1}{2\pi in}C^{(r,m-2)}_{n}- \frac{1}{\pi in} \bigl(\mathit{Ch}^{(r)}_{m-1}-\mathit{Ch}^{(r-1)}_{m-1} \bigr) \biggr) \\ & +\frac{1}{\pi in} \bigl(\mathit{Ch}^{(r)}_{m}-\mathit{Ch}^{(r-1)}_{m} \bigr) \\ ={}&\frac{m(m-1)}{(2\pi in)^{2}}C^{(r,m-2)}_{n}+\frac{m}{2(\pi in)^{2}} \bigl(\mathit{Ch}^{(r)}_{m-1}-\mathit{Ch}^{(r-1)}_{m-1} \bigr) \\ & +\frac{1}{\pi in} \bigl(\mathit{Ch}^{(r)}_{m}-\mathit{Ch}^{(r-1)}_{m} \bigr) \\ ={}&\frac{m(m-1)}{(2\pi in)^{2}} \biggl(\frac{m-2}{2\pi in}C^{(r,m-3)}_{n}- \frac{1}{\pi in} \bigl(\mathit{Ch}^{(r)}_{m-2}-\mathit{Ch}^{(r-1)}_{m-2} \bigr) \biggr) \\ & +\frac{m}{2(\pi in)^{2}} \bigl(\mathit{Ch}^{(r)}_{m-1}-\mathit{Ch}^{(r-1)}_{m-1} \bigr)+\frac{1}{\pi in} \bigl(\mathit{Ch}^{(r)}_{m}-\mathit{Ch}^{(r-1)}_{m} \bigr) \\ ={}&\frac{m(m-1)(m-2)}{(2\pi in)^{3}}C^{(r,m-3)}_{n}+\frac{m(m-1)}{2^{2}(\pi in)^{3}} \bigl(\mathit{Ch}^{(r)}_{m-2}-\mathit{Ch}^{(r-1)}_{m-2} \bigr) \\ & +\frac{m}{2(\pi in)^{2}} \bigl(\mathit{Ch}^{(r)}_{m-1}-\mathit{Ch}^{(r-1)}_{m-1} \bigr)+\frac{1}{\pi in} \bigl(\mathit{Ch}^{(r)}_{m}-\mathit{Ch}^{(r-1)}_{m} \bigr) \\ ={}&\cdots \\ ={}&\frac{m!}{(2\pi in)^{m-1}}C^{(r,1)}_{n}+\sum _{k=1}^{m-1}\frac {2(m)_{k}}{(2\pi in)^{k}} \bigl(\mathit{Ch}^{(r)}_{m-k+1}-\mathit{Ch}^{(r-1)}_{m-k+1} \bigr). \end{aligned} $$\end{document}$$
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                \begin{document}$$ \begin{aligned} C^{(r,1)}_{n}&= \int_{0}^{1}\mathit{Ch}^{(r)}_{1}(x)e^{-2\pi inx}\,dx= \int _{0}^{1}\bigl(x+\mathit{Ch}^{(r)}_{1} \bigr)e^{-2\pi inx}\,dx \\ &= \int_{0}^{1}xe^{-2\pi inx}\,dx+\mathit{Ch}^{(r)}_{1} \int_{0}^{1}e^{-2\pi inx}\,dx \\ &=-\frac{1}{2\pi in} \bigl[xe^{-2\pi inx} \bigr]^{1}_{0}+ \frac{1}{2\pi in} \int_{0}^{1}e^{-2\pi inx}\,dx \\ &=-\frac{1}{2\pi in}. \end{aligned} $$\end{document}$$

Therefore, we can derive the following equation: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned} C^{(r,m)}_{n}&=\frac{-m!}{(2\pi in)^{m}}+ \sum_{k=1}^{m-1}\frac {2(m)_{k-1}}{(2\pi in)^{k}} \bigl(\mathit{Ch}^{(r)}_{m-k+1}-\mathit{Ch}^{(r-1)}_{m-k+1} \bigr) \\ &=\sum_{k=1}^{m}\frac{2(m)_{k-1}}{(2\pi in)^{k}} \bigl(\mathit{Ch}^{(r)}_{m-k+1}-\mathit{Ch}^{(r-1)}_{m-k+1} \bigr). \end{aligned} $$\end{document}$$
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                \begin{document}$$ \mathit{Ch}^{(r)}_{1}-\mathit{Ch}^{(r-1)}_{1}=rCh_{1}-(r-1)\mathit{Ch}_{1} =\mathit{Ch}_{1}=-\frac{1}{2}. $$\end{document}$$
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                \begin{document}$$ \begin{aligned} \sum_{n=0}^{\infty}\mathit{Ch}^{(r)}_{n} \frac{t^{n}}{n!}&= \biggl(\frac{2}{2+t} \biggr)\times\cdots\times \biggl( \frac{2}{2+t} \biggr) \\ &=\sum_{n=0}^{\infty} \biggl(\sum _{l_{1}+\cdots+l_{r}=n}\binom {n}{l_{1},l_{2},\ldots,l_{r}}\mathit{Ch}_{l_{1}}\mathit{Ch}_{l_{2}}\cdots \mathit{Ch}_{l_{r}} \biggr)\frac{t^{n}}{n!}. \end{aligned} $$\end{document}$$
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                \begin{document}$$ \begin{aligned} \mathit{Ch}^{(r)}_{1}&=\sum _{l_{1}+\cdots+l_{r}=1}\binom{1}{l_{1},l_{2},\ldots ,l_{r}}\mathit{Ch}_{l_{1}}\mathit{Ch}_{l_{2}} \cdots \mathit{Ch}_{l_{r}} \\ &=\mathit{Ch}_{1}+\mathit{Ch}_{1}+\cdots+\mathit{Ch}_{1}=rCh_{1}. \end{aligned} $$\end{document}$$

Case 2 {#FPar8}
------
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                \begin{document}$$ \begin{aligned} C^{(r,m)}_{0}&= \int_{0}^{1}\mathit{Ch}^{(r)}_{m}(x)\,dx \\ &=\frac{1}{m+1} \bigl[\mathit{Ch}^{(r)}_{m+1}(1)-\mathit{Ch}^{(r)}_{m+1} \bigr]^{1}_{0} \\ &=\frac{2}{m+1} \bigl(\mathit{Ch}^{(r-1)}_{m+1}-\mathit{Ch}^{(r)}_{m+1} \bigr). \end{aligned} $$\end{document}$$
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                \begin{document}$$ \begin{aligned} \mathit{Ch}^{(r)}_{m}\bigl(\langle x \rangle\bigr)={}&\frac{2}{m+1} \bigl(\mathit{Ch}^{(r-1)}_{m+1}-\mathit{Ch}^{(r)}_{m+1} \bigr) \\ & +\sum_{\substack{n=-\infty\\ n\neq0}} \Biggl[\sum _{k=1}^{m}\frac {2(m)_{k-1}}{(2\pi in)^{k}} \bigl(\mathit{Ch}^{(r)}_{m-k+1}-\mathit{Ch}^{(r-1)}_{m-k+1} \bigr) \Biggr]e^{2\pi inx}. \end{aligned} $$\end{document}$$

Consequently, it follows that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned} \mathit{Ch}^{(r)}_{m}\bigl( \langle x\rangle\bigr)={}&\frac{2}{m+1} \bigl(\mathit{Ch}^{(r-1)}_{m+1}-\mathit{Ch}^{(r)}_{m+1} \bigr) \\ & +\sum_{k=1}^{m}\frac{2(m)_{k-1}}{k!} \bigl(\mathit{Ch}^{(r-1)}_{m-k+1}-\mathit{Ch}^{(r)}_{m-k+1} \bigr)\sum _{\substack{n=-\infty\\ n\neq0}}(-k!)\frac{e^{2\pi inx}}{(2\pi in)^{k}} \\ ={}&\frac{2}{m+1} \bigl(\mathit{Ch}^{(r-1)}_{m+1}-\mathit{Ch}^{(r)}_{m+1} \bigr) \\ & +\sum_{k=2}^{m}\frac{2(m)_{k-1}}{k!} \bigl(\mathit{Ch}^{(r-1)}_{m-k+1}-\mathit{Ch}^{(r)}_{m-k+1} \bigr)B_{k}\bigl(\langle x\rangle\bigr) \\ & +2 \bigl(\mathit{Ch}^{(r-1)}_{m}-\mathit{Ch}^{(r)}_{m} \bigr)\times \textstyle\begin{cases} B_{1}(\langle x\rangle)& \text{for $x\notin\mathbb{Z}$},\\ 0 & \text{for $x\in\mathbb{Z}$}. \end{cases}\displaystyle \end{aligned} $$\end{document}$$

Thus the proof of Theorem [3](#FPar3){ref-type="sec"} is complete.
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Conclusions {#Sec3}
===========

In this paper, the author considered the Fourier series expansion of the higher-order Daehee functions $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D^{(r)}_{n}(\langle x\rangle)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathit{Ch}^{(r)}_{n}(\langle x\rangle)$\end{document}$ are zero or not, the Fourier series of these functions converge uniformly or converge pointwise. In addition, the Fourier series of the higher-order Daehee functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D^{(r)}_{n}(\langle x\rangle)$\end{document}$ and the higher-order Changhee functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathit{Ch}^{(r)}_{n}(\langle x\rangle)$\end{document}$ are expressed in terms of the Bernoulli functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{k}(\langle x\rangle)$\end{document}$. Thus we established the relations between these functions and Bernoulli functions.

**Competing interests**

The author declares that he has no competing interests.

**Author's contributions**

The author carried out all work of this article and the main theorem. The author read and approved the final manuscript.

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

The author wishes to express his sincere gratitude to the referees for their valuable suggestions and comments. This work is supported by China Postdoctoral Science Foundation (2016M591379).
